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1. Introduction 

In KMNl the notion of perfect crystal was introduced. In the subsequent 
paper [KM.V2 a perfect crystal of an arbitrary level was given for the quan- 
tum affine algebra corresponding to every non-exceptional affine algebra. Later 
studies revealed that there are more perfect crystals than listed in |KMN2| . See 
|BFKLl IKol OMDl IY1 IP INS] for example Actua lly, there is a conjecture orig- 
inating from fermionic formulas HKOTY, HKOTT], saying that a certain finite- 
dimensional module, called Kirillov-Rcshctikhin module, KR module for short, of 
a quantum affine algebra has a crystal base. KR modules are parametrized by 
two integers r,s. r corresponds to a vertex of the Dynkin diagram of the affine 
algebra except a distinguished vertex as in |Kac| and s is a positive integer. The 
conjecture also states that if s is a multiple of t r := max(l, 2/(a r , a r )), then the 
conjectural crystal base of the corresponding KR module is perfect of level s/t r . 
Here (•, •) stands for the standard bilinear form on the weight lattice as in jKacj . 
The latter conjecture was derived by taking a suitable limit of the corresponding 
fermionic formula. Up to now there is no counterexample to this conjecture. We 
remark that apart from the existence of crystal base, KR modules have marvelous 
properties, such as algebraic relations among characters |KRI IKNSl INI lH] . relation 
with Dem azure modules [KMOTUI lK4l IFD ICMl IFSSj . that with fusion products 
[HL"llA"Kl and so on. 

In this paper, we add another evidence for the conjecture to be valid. To explain 
what we have done more precisely let us recall basic notations and the definition 
of perfect crystal. Let g be an affine algebra, U q (o) the associated quantum affine 
algebra and U'Jq) its subalgebra without the degree operator. Let P be the weight 
lattice, i.e., P = J2i ZAj ©Z<5 where Aj is a fundamental weight and S is the genera- 
tor of the null roots, and set P c i — P/ZS, P^ = {A G P c i \ (h i: A) > for any i} = 
J^. Z> Q Ai and (P^)i = {A G Pj|(c, A) = 1} for I G Z> . Here c is the canoni- 
cal central element. Let Mod'' (fl,P c z) be the category of finite-dimensional U q (g)- 
modules. The modules in this category have the weight decomposition with respect 
to P d . Let B be a P c ;-weighted crystal. For b G B, we set e(b) — ^2 i s i (b)A i and 
ip{b) = <pi(b)A-i, where £j(6) = maxjfc | e\b ^ 0} and <Pi(b) = max{fc | ff'b ^ 0}. 

Definition 1.1. ([KMNl]) For I G Z>o we say B is a perfect crystal of level I if 
B satisfies the following conditions. 
(PI) B ® B is connected. 

(P2) There exists Xq G P c i such that wt(-B) C Ao+X]i^o ^<o a i an d that $(B\ ) = 
1. 

(P3) There is a U'(q) -module in Mod^(g,P c /) with a crystal pseudobase (L,B') 
such that B is isomorphic to S'/{±1}. 
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(P4) For any b G B, we have (c,e(b)) > I. 

(P5) The maps e and <p from B m i n :={b G B \ (c,e(b)) = 1} to (P5)i are bijective. 
We consider the quantum affine algebra U' q (o) corresponding to the exceptional 

(3) 

affine algebra q — D\ . The KR modules we treat in this paper correspond to the 
vertex 1 in the Dynkin diagram in section 2.1. According to the above conjecture the 
KR module for the pair (r, s) = (1, 1) is to be perfect of level /. Let us look through 
the main text in order. In section 2 we construct a fundamental representation 
V 1 of U q (-D4 ) and calculate the quantum i?-matrix that will be used in the next 
section. In section 3 we construct a family of [/^(-D^^-modules {V l }i>\ by so- 
called fusion construction. This V 1 is nothing but the KR module for (1, 1). Using a 
technique developed in |KMN2| one sees that V 1 has a crystal pseudobase (Theorem 
13.2(1 . which confirms (P2) and (P3) of Dcfinition ll.il In section 4 we introduce a 
C/ 9 (G2)-crystal Bi that has the same decomposition as V 1 and define the O-action 
by hand. It was obtained by the investigation of the result of [3 and computer 
experiments. We check in section 5 that with respect to the (0, l)-actions Bi turns 
into a disjoint union of t/ q (^i2)-crystals (Theorem 15 .3[) . Hence by Theorem 16 . II that 
states the uniqueness of such crystal, one concludes that Bi is the crystal base of 
V . We stress here that this theorem can be applied to affine algebras of other 
types. (PI), (P4) and (P5) are checked in the last section. Thus we have obtained 

Theorem 1.2. For I G Z>o Bi is a perfect crystal of level I. 

The value of this theorem lies in the following fact. Let B(X) denote the crystal 
of the irreducible highest weight C/ 9 (g)-module of a dominant integral weight A. If 
Bi is a perfect crystal of level I, then for any dominant integral weight A of level I 
there exists a unique dominant integral weight /i and an isomorphism of crystals 

B(X) ~ B((m) (g) B t . 

By iterating it, one can obtain the so-called Kyoto path model of B(X). By analogy 
one may consider a path model for the crystal B(oo) of the negative part U~(g) of 
Uq(g). For this purpose one needs a coherent family of perfect crystals (Definition 
17.21) . At the final stage we show that our family of perfect crystals {B/};>i are 
coherent. It implies that there is a limit Boo of {-B/};>i and an isomorphism of 
crystals 

B(oo) ~ B(oo) (g) Boo. 

2. U'^D^P) AND ITS FUNDAMENTAL REPRESENTATION 

2.1. Quantum affine algebra U' q {D\ ). We collect necessary data for the affine 

Lie algebra D\ ' . Let {aoj a i> a 2}, {^cb^ii^} and {A ,A 1 ,A 2 } be the set of sim- 
ple roots, simple coroots and fundamental weights, respectively. The generalized 
Cartan matrix ((hi, ctj))i j = o i 2 is given by 

(-;:!-:)■ 

and its Dynkin diagram is depicted as follows. 
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The standard null root d and the canonical central clement c are given by 
S = ctQ + 2a>i + a.2 and c = ho + 2h\ + 3/i2- 

(3) 

The affine Lie algebra D\ contains the finite-dimensional simple Lie algebra G 2 - 
Its fundamental weights are given by Ai = Ai — 2Ao, A2 = A2 — 3Ao. 

The quantum affine algebra U q (D\ ') is the associative algebra over Q(q) gener- 
ated by {d, fi, tf 1 I i = 0, 1, 2} satisfying the relations: 

t{tj — tjti, ^i^i — 1) 

, , — 1 (hi,Otj) , r i — l —(I l i, a j) r r f 1 c ^i 

H€jt i — q i ej, tijjt i = q i jj, [ei,fj\ — Oij —, 

ft - ft 

]T(-l)"efVf ^ = X)(-l) n / i (n) / J -/, (, - n) = where i?j,l = l- (h h a,}. 

n=0 n=0 



Here we use the following notations: [m\i = (g™ — q i m )/(qi — q i ), [n],-! = 



IC=A™h e[ n) = e?/[n],!,/(' l) = tf/[n]«! with 



5o = ?i = ft ft = ft 3 - 

The algebra U q (D < f > ) is defined by introducing another generator q d , so U' q {D^') is 
its subalgebra. The algebra U' q {D^) has subalgebras C/ 9 (G 2 ) and £/ g (j4 2 ) generated 
by {e l7 fi, tf 1 I i = l,2} and {e l: fi, tf 1 \ i = 0, 1}, respectively. 

2.2. Fundamental representation. Let V 1 = y G2 (Ai) © V G2 (0) denote the di- 
rect sum of the irreducible highest weight t/q ((^-modules V G2 (Ai) and V 2 (0) 
with highest weights Ai and 0. Let {vi,V2,V3,Vo,v^,v^,Vi,v^} be a basis of V , 
where belongs to V G2 (0). V 1 is endowed with the U' q {D^ )-module structure. 

First, if v is a weight vector of weight A, we have tiv — q^'^v. The weight of each 
basis vector is given respectively by Ai — 2Ao, A2 — Ai — Ao, 2Ai — A 2 — Ao, 0, Ao + 
A 2 — 2Ai, Ao + Ai — A 2 , 2Ao — Ai, 0. The actions of e,, /, are given as follows. 

, 1 [3] 
eovi = v<f, + —wo, e -y 2 = ug, e v 3 = v 2 , e v = vj, e O f0 = j-^vi, 

fon = V4, + |^jW , /o«2 = «3, /0W3 = V2, fov = Vi, foV^ = pjui, 

eiv 2 = vi, eiw = [2}v 3 , eiUg = u , eiwj = v 2 , 

f\V 2 = VI, flV = [2]t!g, /1U3 = = «2, 

e2«3 = v 2 , e 2 v 2 = «g, 

/ 2 ug = v 2 , f 2 v 2 = wa- 
if the action of some basis vector is not written, then we should understand that it 
is 0. Hereafter [to] always means [m]o = [to]i. 

Set A z = {f(q)/g(q) I f{q),g{q) e Z[g] lfl (0) = 1} and K z = A^q- 1 }. We define 
U q (g)Kz as the i^z-subalgebra of U'(g) generated by e^fi,^ 1 . It is easy to see 
that V 1 admits a l^(g)^ z -submodule Vh. In the subsequent section we need a 
polarization ( , ) on V 1 such that (V£ z , V^„) C Kz- See section 2 of |KMN2j for the 
polarization. It is constructed as follows. It is known ( \K1\ ) that for any dominant 
integral weight A the irreducible highest weig ht U q (G 2 )-modu\e V° 2 (X) of highest 
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weight A has a polarization. Let ( , )i be such polarization on V ° 2 (Ai) normalized 
as (vi,v\)i = 1. We define a symmetric bilinear form ( , ) on V 1 by requiring 

(u, v) = (u, v)i for u, v G V G2 (Ai), 

(u,i^) = for u G V Ga (£i), 

Then ( , ) satisfies 

(Uu, v) = (u, Uv), (eiu, v) = (u, q^t^fiv), (foil, v) = (u, q^Uav) 

for all u,v G V 1 and it becomes a polarization. (V^ Z ,V^ Z ) C K% can also be 
checked. 

As a Z7 g (G2)-module, the tensor product V 1 © F 1 decomposes into 
(2.1) V 1 © V 1 ~ y G2 (2Ai) © y G2 (A 2 ) © y G2 (Ai)® 3 © V G2 (0)® 2 . 
A highest weight vector in each irreducible component is listed below. 

«2Ai =Vl © V!, 
U\ 2 =V\ ®v 2 - qv 2 © Vi, 

u Ai =W 1 ® 

(2) o 
u Ai =1 V> ® u li 

1*^ =t>i © v - q 6 v © «i - g 2 [2]w 2 © v 3 + q 5 [2]v 3 © v 2 , 

Uq 2) =«i © + q W vi <S)Vi - qv 2 © «2 ~ 9 9 «2 © "2 + g 4 W3 © «3 

6 9 4 
+ <fug©w 3 - pjWo©uo- 

Here lower indices signify the highest weights. For the action on the tensor product, 
we use the lower coproduct. Namely, 

A(eO = e, © tr 1 + 1 © e i; A(/,) = /< ® 1 + 1« ® 

2.3. Calculation of the i?-matrix. Let V* = Q^a;" 1 ] © V 1 be the U' q (Df>)- 
module with the actions of e^/i,^ replaced with x Sio ei, x~ Si0 fi, t i7 respectively. 
The i?-matrix R(x, y) for V 1 © V 1 is an operator 

R(x,y) : Vl © V* — > V* © 

commuting with the actions of U' q (D^). It is unique up to a scalar multiple and 
satisfies the following properties. 

(1) R(x,y) eQ(q)[x/y,y/x}®End(V 1 (3 V 1 ). 

(2) The Yang-Baxter equation holds: 

(R(y, z) © 1){1®R{x, z))(R(x, y) © 1) 

= (1 © R(x, y))(R(x, z) © 1)(1 © R(y, z)). 

(3) R{x,y)R{y,x) eQ(q)[x/y,y/x]. 
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By [7g(G2)-linearity and Ij2.1|l . we have 

fl(«2Ai) = a 2Al W 2 A 1; 

= 1,2,3), 

To calculate these coefficients we prepare 

Lemma 2.1. PFe have the following relations. 
1- /o/l/2WA 2 = {qxy)~ 1 {x - q 2 y)u 2Al 

2. /o«g; = TO-wrauaA, 

3. / ugJ =x- 1 [3]/[2] W2Al 

4. /owai = O? 2 ^) -1 ^ - q 8 y)u2A 1 

5. /g/i/a/iug = ( g .Ty)- 1 [3]u 2Al 

6. Ufihhufl = (<?.xy)- 1 [3]"2A 1 

7. fthhhufl = (qxy)- 2 [2]([2](x 2 - gV) - g 3 (l - g 2 )zy) U2Al 

8. ftihhhfu^ = (x 2 y)^[2][i\ 2 u 2Al 
9- f^hhhfu^ = (q 2 xy 2 )^[2][3] 2 u 2Al 

10. / 3 (/iM) 2 ^ = (giy)- 2 ^ 2 ^^-^^)^ 

11. / 2 4 1} = (g^)- 1 ^] 2 /^^ 

12. / 2 4 2) = (g^-^Kz 2 + g 14 y 2 ) - q 7 xy)u 2Al 

13. flihhhfhu^ = (q 2 x^)-^f{x 2 +q 2 y 2 )u 2Al 

14. / 3 (/i/ 2 /i) 2 /o4 2) = (^^^-^^^((z-g^Cx-^^+^tSlCl+g 10 )^)^ 

From this one can calculate the coefficients a 2Al , a A2 , a Al (i, j = 1, 2, 3), aljii, j = 

1,2). Let P 2Al ,P A2 ,pfl{i = l,2,3),P W (i = 1,2) be the projections from I/ 1 <g> 

onto £7 9 (G 2 )-submodule l/ G2 (2Ai), V G2 (A 2 ), J7 g (G 2 )u^, U q {G 2 )uf , respectively. 

Let i^p{i,j = 1,2,3) (resp. t>o'^\i,j = 1,2)) be the [/ g (G2)-isomorphism sending 

to vr£ (resp. Uq to tig )■ Then wc have the spectral decomposition of the 
i?-matrix. 

Proposition 2.2. Let z = x/y. Up to a multiple of an element of Q(q)(z), the 
R-matrix is of the following form 

R(x, y) =(1 - g 2 z)(l - g 6 z)(l + q A z + q 8 z 2 )P 2Al 
+ (z- q 2 )(l - g 6 z)(l + q A z + q 8 z 2 )P A . 2 

3 2 
, \ n Ai.(j,0 p(») , V* n° P (i) 



R(u A2 ) =a 2 MA 2 , 
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where afj 1 , a®j are given by 

4l=4t = (l-q 6 )z(l-q 12 Z 2 )/(l + q 2 ), 

4i = 4t = 9 2 (1 - Z)(l - q e z){(l + q 2 )(l + q & z 2 ) + (q 2 + q 6 )z)/(l + q 2 ), 

4* = 4i = 9(1 - <fW - - <Z 6 *)/(1 + 1 2 f, 
4l=4t = (l + q 2 ) 2 (l + q s )a^, 

4i = (1 - q e z)(q 2 (l + q 2 )(z 3 - q 6 ) + (1 - q 2 )(l - q e )z(z - <z 4 ))/(l + q 2 ), 
a° n = ((1 + q 2 )(q 2 + q 14 z 4 ) - (1 + q*)z(q 2 + q*z 2 ) 

+ (l-q i )(l-q e )(l + q S )z 2 )/(l + q 2 ), 
a° u = g (l - q 6 ) 2 z(l - z 2 )/((l + q 2 )(l - g 4 )), 
c& 1 = q(l-q 1 *)(l-q* + <f)zO-* i ), 

a 22 = zi { a ll\z^l/z)- 



Moreover, 



(l-q 2 z) 2 (l + q 4 z + q s z 2 ) 



(1 - 9 2 z)(l - g fi z)(l + g 4 z + q s z 2 ) 

3. Fusion construction 

In this section we construct a U' q (D^ )-module V' from V 1 by so-called fusion 
construction. It is then shown that V 1 admits a crystal pseudobase. 

3.1. Review. Following section 3 of KMN2 we review the fusion construction and 
rewrite a necessary proposition. 

Let I be a positive integer and (3; the Z-tli symmetric group. Let Si be the simple 
reflection which interchanges i and i + 1, and let l(w) be the length of w £ 6;. 
Let g be an affine Lie algebra and V a finite-dimensional £/ g (g)-module which has 
a L^(g)if z -submodule Vk z - Assume that V has a polarization ( , ) such that 
(Vk z ,Vkz) C K%. Assume also that V admits a crystal base which is perfect of 
level 1. Let R(x,y) denote the i?-matrix for V ®V . For any w € &i we construct 
a t r g(g)-linear map R w (xi, . . . , x{) : V Xl <8> • • • <8 14, — > T4 iu(1) <g> • • • ® T4 ro(!) by 

. . . = 1, 

R Sl (x 1 , . . . ,xi) = (££)id\4 3 ® R(xi,x i+ i) <g> idv^ , 

\j'<» / \i>»+l / 

Rww' {xi , . . . , X/) = -R^j' (^(1) , . . . , X w (l)) o R w (xi, ...,xi) 

for w, w' such that l(ww') = l(w) + l(w'). 
Fix r G Z>o- For each I £ Z>o, we put 
Rl =R w M il - 1 \Q r{l - 3 \--;Q- r{l - 1) )-- 

V q r(l-1) ® V^d-a) ® " • • (8 V^-r(i-l) ->• Vg-r(J-l) ® V q -r(l-3) ® • • • <g> Vgr(l-l) , 
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where wo is the longest element of &i. Then Ri is a L^(rj) -linear homomorphism. 
Define 

V 1 = ImRi. 

Let us denote by W the image of 

R(q r , q- r ) : V q r ® V q -r — > V,-, ® V^r 

and by TV its kernel. Then we have 

V 1 considered as a submodule of V® 1 — V q -r(i-i) ® ■ ■ ■ ® V^r(i-i) 

Z-2 

is contained in f] V® 1 ® W <g> y^" 2 " 1 ). 

i=0 

Similarly, we have 

1-2 

V* is a quotient of V® 1 / V ®* ® ^ ® F®^ 2 ^. 

i=0 

Let P be the weight lattice of g and set P c i = P/7*5. Let Ao be an element of 
P c i such that 

(3.1) wtV C A + ^Z< ai and dim V\ a = 1. 

i#0 

Take a non-zero vector uq from V\ . Let tp(z) be a function such that 
R(x,y)(u <g> u ) = ip(x/y){u a <g u Q ). 

We assume that 

(3.2) ( fi(<l 2kr ) does not vanish for any fc > 0. 

Let / be the index set of the simple roots of g and 0/\{o} the finite-dimensional 
simple Lie algebra whose Dynkin diagram is obtained by removing the 0-vertex of 
that of g. Let V(X) be the irreducible J7 g (gj^ })-module with highest weight A. 

Proposition 3.1. (Proposition 3.4.5 of KMN2 ) Let m be a positive integer and 
assume the following conditions: 

(i) {hi, IXq + jao) > for i ^ and < j < m. 

(ii) dim(T/') /Ao+ /cQ < X^lo dim ^ A ° + J a o)iA +/cQ for < k < m. 
(hi) There exists i\ S / smc/i i/ia£ {i s / | (/lo, Q^) < 0} = 

(iv) -(h Q ,l\ - OiJ > 0. 

TTiera we /icrae 

m 

^ — © ^(^Ao + jao) as a L/ g (g / \{ })- mo ^e 
i=o 

and admits a crystal pseudobase as a U q (g) -module. 
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3.2. Our case. Set g — Df ^ and let V be the representation V 1 constructed in 
section l2~2l We have checked that V 1 has a polarization such that [V^ z , V^- ) C K%, 
We have also calculated the R- matrix for V 1 ® V 1 . Set r = 1 and Ao = Ai. Then 
(|3.1|1 is satisfied. From Proposition 12. 21 we have 

<p{z) = (1 - <7 2 z)(l - g 6 ^)(l + q A z + <? 8 z 2 ). 
Hence (|3.2|l is also satisfied. 

Theorem 3.2. The U' q (D^) -module V 1 constructed by the fusion construction 
admits a crystal pseudobase. Moreover, we have 

i 

V 1 ~ V(JKi) as a U q (G 2 ) -module. 
3=0 

Proof. We use Proposition 13.11 It suffices to check the conditions (i)-(iv). Set 
Ao = Ai,m = /. Note that Ai = — ao- (i), (iii) and (iv) are easily checked as 

(i) (hi, IX + ja ) = (l- j)Sn > for i ^ and < j < I. 

(iii) {iel\ (fto,ai><0} = {l}. 

(iv) -(fto,ZAo-oi>=2/-l. 

We are to show (ii). By the direct calculation using Proposition ^. 21 we see N = 
Ker R(q,q- X ) contains u A2 , -ug, q(l~q 4 )u { ^ -ug, [2}(l-q 4 +q 8 )u { 1] -[3}u { 2) . 
Hence by the explicit form of the highest weight vectors, at q = 1, N contains 
A 2 ^(Ai),y(0)A^(Ai) and v,), «0 + u, where u is an element of V(Ai)® 2 . Hence, 
at q = 1, 

is generated by 5'(l/(Ai)) and F(0) (g> 5 i ~ 1 (F(Ai)). Hence so is for a generic q. 
Thus we obtain 



J]ch (V l )t l < Y, c ^S l {V(A 1 ))t l +J2 ch S'^iViA^t 1 

l>0 l>0 1>1 

(l + i)£ch S l (V(Kx))t l 



l>0 

l + t 



(l-*)IWl-^*)(l-e-"*)' 



where 5 = {ai, a\ + a-x, 1o.\ + 0*2}. On the other hand, from the description of the 
crystal base of U q (G 2 )-module V(jAi) in section PTT1 

(3-3) ' i + t 



(l-tmpsstt-ePW-e-Pty 

Thus we have 

1 

dim(V l ) x <^dim^(iAi) A 
for any A. The proof is completed. □ 
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4. C/^(L>i 3) )-CRYSTAL 

In this section we define a ^(D^^-crystal Bi. As a £/g(G2)-crystal, Bi is iso- 
morphic to the crystal 0^ =o B G2 (jAi) for the C/ g (G 2 )-module 0^ =o V° 2 (j A~i ) . 

4.1. L/g(G2)-crystal. In |KM| the crystal graph for any finite-dimensional irre- 
ducible ?7 (J (G2)-module was given. For our purpose the description of the crystal 
B 2 (jAi) for the highest weight module with highest weight jAi is necessary. Any 
element of S G2 (jAi) is represented as a one-row semistandard tableau whose entries 
are 1, 2, 3, 0, 3, 2, 1 with the total order 1^2^3^0^3^2^1as 





2---2 


3--3 





3---3 


2- -.2 





In the tableau, occurs at most once and the length is j, i.e., wo — or 1, 



j. For instance 



3 



1 



1 



is an element of 



B G2 (7Ai). It is also useful to introduce a coordinate representation for an element 
ofS G =(iAi)by 

Xi = Wi, X'i =Wi(i= 1, 2), 

x 3 = 2w 3 +w , x 3 = 2w 3 + w . 



Then we have 



B° 2 (jAi) 



(xi,X2,x 3 ,x 3 ,x 2 ,xi) G (Z> ) e 



x 3 = x 3 (mod 2), 

Ei=l 2( x * + 5 ») + ( X 3 + S 3)/2 = j 



Below we give the explicit crystal structure of B 2 (jAx) with this parametrization. 
Set (x) + = max(a;, 0), then we have 



fib 

62b 
fab 



(. ..,x 2 + l,xt - 1) 
(...,a:3 + l,53-l,. 

(Xl + 1,X 2 ~ 1, ■ ■ ■) 

(ari - l,x 2 + 1, . . .) 
(. . . ,x 3 

(• ■ ■ , X2 



l,x 3 + 1, . 
l,Xl + 1) 



(...,x 3 + 2,x 2 

(. . . ,X 2 + l,X 3 



,X2- l,x 3 + 2, 
,x 3 - 2,x 2 + 1, 



if x 2 - x 3 > (x 2 - x 3 ) + , 
.) if x 2 - x 3 < < x 3 - x 2 , 
if (x 2 - x 3 ) + <x 2 - x 3 , 

if (x 2 - x 3 ) + <x 2 - x 3 , 
.) if x 2 - x 3 < < x 3 - x 2 , 
if x 2 - x 3 > (x 2 - x 3 ) + , 

.) if x 3 > x 3 , 
.) if x 3 < x 3 , 

.) if x 3 < x 3 , 
.) if x 3 > x 3 , 



£l(6) =Xl + (X 3 -X 2 + {X 2 - X 3 ) + ) + , 

ipi(b) =x\ + (x 3 -x 2 + {x 2 - x 3 ) + ) + , 



e 2 (b) =x 2 + -{x 3 - x 3 )+, 
ip 2 (b) =x 2 + ^(x 3 - x 3 )+. 



If Sib or fib does not belong to B G ' 2 (j Ai), namely, if Xj or Xj for some j becomes 
negative, we should understand it to be 0. 
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4.2. Action of So, /o- For a positive integer I we introduce a U' q (g)-crystal Bi. As 
a J7 9 (G 2 )-crystal, 

i 

5/ = 0B G2 (jA 1 ), 

where i? G2 (jAi) is the £/ q (G 2 )-crystal explained in the previous subsection. To 
define the actions of eo and fo, we introduce conditions (Ei)-(Eq) and (Fi)-(Fq). 
Set 

(4.1) z 2 = £ 2 -x 3 , z 3 = x 3 -x 2l z 4 = (x 3 - x 3 )/2, 

and 

(Fi) z\ + z 2 + z 3 + 3z 4 < 0, z\ + z 2 + 3z 4 < 0, zi + z 2 < 0, zi < 0, 

(F 2 ) zi + z 2 + z 3 + 3z 4 < 0, z 2 + 3z 4 < 0, z 2 < 0, z 4 > 0, 

(F 3 ) Zi + z 3 + 3z 4 < 0, z 3 + 3z 4 < 0, z 4 < 0, z 2 >0 1 z 1 + z 2 > 0, 

(F 4 ) zi + z 2 + 3z 4 > 0, z 2 + 3z 4 > 0, z 4 > 0, z 3 < 0, zi + z 3 < 0, 

(F 5 ) zi + z 2 + z 3 + 3z 4 > 0, z 3 + 3z 4 > 0, z 3 > 0, z 4 < 0, 

(F 6 ) Zi + z 2 + z 3 + 3z 4 > 0, z\ + z 3 + 3z 4 > 0, z 4 + z 3 > 0, z 4 > 0. 

(Fj) (1 < i < 6) is defined from (Fi) by replacing > (resp. <) with > (resp. <). 
We define 



e b = 



fob = 



'£16 






-1,...) 






if {Ei), 


£ 2 6 






,^3 - 1,^3 


- 1, • • ■ ,Xi + 


1) 


if (£2), 


( £36 






,a;3-2,... 


,0:2 + 1,...) 




if (S 3 ), 


' £ 4 6 






,012-1,... 


,x 3 + 2,...) 




if (Ei), 


£ 5 & 




(xi 


- 1, ■ ■ ■ ,x 3 


+ l,x 3 + l,. 


•) 


if (£5), 








,Xl+l) 






if (Ee), 






(xx 


+1,...) 






if 


J 2 b 






,x 3 + 1,0:3 


+ l,...,Xi- 


1) 


if (^2), 








,0:3 + 2,... 


,0:2-1,...) 




if (F 3 ), 


' ? 4 6 






,x 2 + 1, . . . 


,5 3 -2,...) 




if (*k), 






(xi 


+ l,...,x 3 


-1,0:3-1,. 


••) 


if (^s), 








,x% - 1) 






if (F 6 ). 



Remark 4.1. (i) Set 

(4.2) A = (0, zi, zi + z 2 , zi + z 2 + 3z 4 , zi + z 2 + z 3 + 3z 4 , 2zi + z 2 + z 3 + 3z 4 ) 

and zi,z 2 ,z 3 ,z 4 are given in (|4.1|) . Denote the i-th component of A by Ai. 
Then, for 1 < i < 6, (FJ holds if and only if max A = Ai and Aj < Ai for 
any j such that 1 < j < i. Similarly, (Ei) holds if and only if max A = Ai 
and Aj < Ai for any j such that j > i. 
(ii) By (i), we have 

Bi = [_\ {be Bi\b satisfies (Ei)} = [_\ {b e B t | b satisfies (Fi)}. 

l<i<6 l<i<6 
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(4.3) 



s(b) = xi+ x 2 + 



x 3 + x a 



■X2+X1. 



Suppose b e Bi. Looking at the rule of the action of Jo carefully, we see that the 
coordinates of fob never get negative. It means that fob = occurs only when 
s(b) = I and b satisfies (Fi). The case of eo is similar. Checking directly one can 
show that Bi satisfies the condition: for b, b' £ Bi, 

b' = fob b = e b'. 

Hence one can draw the crystal graph of Bi with arrows of color 0, 1, 2. 

Example 4.2. Let us denote the elements of B\ by 

[T]= (1,0,0,0,0,0), [Y|= (0,1,0,0,0,0), {3}= (0,0,2,0,0,0), 

1-1 = (0,0,0,2,0,0), [¥]= (0,0,0,0,1,0), 



[0]= (0,0,1,1,0,0), 
0- (0,0,0,0,0,1), 



$ = (0,0,0,0,0,0). 

then, the crystal graph of B\ is given as follows: 




The arrows without number are 0-arrows. 

The next two propositions are related to the action of eo,/o- The first one is 
easily proved. 

Lemma 4.3. (1) Suppose that b £ Bi satisfies (F\) and fob 6 B\. Then fob 
also satisfies 

(2) Suppose that b £ Bi satisfies (Eq) and eob £ Bi. Then eob also satisfies 
(E 6 ). 

Proposition 4.4. The values of eo and ipo of an element b — (x\, X2,X3,X3,X2,x\) 
of Bi is given by 

<Po(b) = I — s(b) + max A, 

e (b) = I - s(b) + max A ~ (2zi + z 2 + z 3 + 3zi), 
where A is as in (|4.2|) . 

Proof. Notice that if fob — occurs for b G Bi, then b satisfies (Fi). From Lemma 
14.31 (1), one verifies that the formula of ipo is correct when b satisfies (Fi). Thus we 
are left to show that tpo(fob) — <£o{b) — 1 if 6, fob G Bi. It can be checked case by 
case. Let A 1 be the list A for fob and A\ be its i-th component. Notice that if b 
satisfies (Fi), then max A' = A\. □ 
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5. Decomposition of Bi as a L/ q (.^-crystal 

5.1. Review on [/^(A^-crystal. We review on the V g (j4 2 )-crystal B A2 (j a A + 
jiAi) of the highest weight module of highest weight jo^o + J1A1. We use {0, 1} as 
the index set of simple roots of A^. It is known that any element of B A2 (joAo+jiAi) 
is uniquely expressed as fofffo u for some p, q, r such that < p < jo, p < q < j\ +P, 
< r < jo~2p+q- Here u stands for the highest weight vector. By |KN| an element 
of B A2 (joAo +ji Ai) is also represented by a two-row tableau. fofifo u corresponds 
to 

t{P:q>T) *23i+p— g 3<?~ P 

Below we give the crystal structure. 

t(p,q,r-l) ifr>0, 
if r = 0, 



(5.1) 



(5.3) 




t(p- l,q- l,r + l) ifp > 0,p-q + r > 0, 
(5.2) ei*(>, q, r) = \t(p, q - 1, r) if p - q + r < 0, 

if p = 0,p - q + r > 0, 

i(p,g,r+l) if0<r< j + q - 2p, 
if r = j + q - 2p, 



t(p + 1, q + 1,9 — 1) if p < q < p + r, 
(5.4) fxt(p, q, r) = {t(p, q + 1, r) if p + r < q < ji + p, 

if p + r < q = j\ + p. 

The remaining data £,-, </?i of i(p, 9, r) are given by 

, r r , £0= r, ip = jo-2p + q-r, 

(5.5) 

£1 = P+ -?")+, ¥>i = (P- 9 + r )+ +ji +P - <?■ 
The following proposition is immediate. 

Proposition 5.1. The lowest weight vector of B A2 (joAo+jiAi) is given byt(jo, jo+ 
ji,ji). Moreover, we have 

t(p,q,r) = eo'ef eg i(j , jo + ji, ji), 
w/iere p' = ji - q + p, q' = jo + ji - q,r' = j + q - 2p - r. 

5.2. t/ ? (v42)-crystal structure. In what follows in this section we investigate the 
structure of the crystal subgraph of B[ obtained by forgetting 2-arrows. 

Definition 5.2. For I S Z>o take integers i,jo,ji such that 

0<i<l/2, i<jo,ji<l-i and j ,j x =l-i (mod 3), 

and set y a = (I — i — j Q )/3 for a = 0, 1. We define the element bj* of Bi by 

(5 6) 6 M = |( '^i'~ 2 ^i + 3 ^o + «,yo + «,2;o+io,0) ifjo<ji, 
JoJl \(0,yo,yo + «,2yi - j/o + i, -yi + 2y + Jo,0) ifjo>ji- 

We also define the subset Bj'* ^ of Bi to be the connected component of Bi generated 
by e a , f a (a = 0, 1) that contains ■ . 
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Our main theorem of this section is given as follows. 

Theorem 5.3. Forgetting 2-arrows, the crystal graph B\ decomposes into connected 
components in the following manner. 

jWl='-« ( mod 3) 

Moreover, Bj^ t is isomorphic to the U q (A2)- crystal B A2 (joAo + jiAi). 
For the proof we introduce some notations. Set 

B> = {(xi,x 2 ,x 3 ,X3,X2,xi) £ Z| | (a; 3 + x 3 )/2 £ Z> } . 

Note that B\ = {b £ B>q \ s(b) < 1} where s(b) was defined in 1)4. 3[) . One can 
endow B>o with the crystal structure by applying the same rule for e-i, fi as section 
14. II and 14.21 with I — oo. Namely, e,, fi vanish only when some coordinate becomes 
negative. Note that b^j l is f7,j(A2)-highest, i.e., e a b£ ^ = for a = 0,1, as an 
element of Bi, but eobj* j 1 ^ as an element of £>>o- 

5.3. Some relations on B>o. We prepare two relations that hold on B>q. 
Lemma 5.4. Suppose that jo < j\. On B>o uie have 

/o/i/o^oj! = /i _1 /o^o-i,ii-i i f i < 30, P < jo, P < q < 3i +P- 
Proof. We use the table in Appendix [S] Under the assumption one can show that 
all the cases satisfy (Fq) of the rule of 0-action. Hence, if we write x = fifo^jo j ± = 
(xi,X2, x%, X3, X2, x\), then f$x = (x\, X2,x$, X3, X2, Xi — 1)- On the other hand, in 
each case we also have 

x lo"oji,9)-0"o-i,ii-i,g-i) = {xi,X2,x 3 ,x 3 ,x 2l Xi - 1). 

Hence we have the desired relation. Note that I should be replaced by I — 1 so that 
yo, y± remain the same. □ 

Lemma 5.5. Suppose that jo < ]\. On B>o w have 

Proof. We again use the table in Appendix^ Under the assumption the cases that 
occur are 

(1) I. 0<p<z, (i) 0<q<j -i + p, 

(2) II.i<p, {i)0<q<j -p + i, 

(3) II. i < p, (ii) jo-p + i<q<3i+p-i- 

Each case satisfies (-F5), (F 3 ), (F 2 ), respectively. In each case the action of fo is 
realized by replacing p with p + 1. □ 

5.4. Proof of Theorem l5.3l We frequently use the following condition for (p, q, r) . 

(G) < p < j , p < q < ji +p, < r < jo + q - 2p. 
[Step 1] We show 

L 



^ B A -{ ]0 K + jiAi) for j < 3l . 



Proof. Due to the fact that for b, b' £ Bi, b' — fib if and only if b — Bib' (i = 0, 1), 
it suffices to show for (C) 
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(i) KftffVLh e B ^ 

(ii) b = ft +g - 2p f q Jfb% dl satisfies (Ft) and s(b) = I, 
and as an element of Bi 



-J0,Ji 1 /0/l J0°j o ,h 



(iii) hfUVfb)' = fSf? +i m: n if p + r < g < * + p, 



if p + r < g = ji + p, 



(iv) SofVEb'ln = 0, 

(v) eJSffbtu =0ifr>g. 



We prove (i)-(v) by using induction on I. 

(i) Suppose that r > 0,i < jo,p < jo,p < q. By Lemma f5 .41 we have 

fr fq fpp,i _ fr-1 fq-1 fpp-l,i 
J0JlJ0 U jo,ji—J0 Jl J0°j -l,h-l- 

If r < j +q-2p, we get /q _1 /i _1 /o^o-i ,h-i e Sj -i c Bl h y induction hypothesis. 
If r = jo + q — 2p, we know that 

ft^'^fr'ffb^-'L-i satisfies (F,) and s (6) = 1-1 

by induction hypothesis. Hence /o' a+?-2p-1 /i — ^o^-ij'i-i e 

In the cases of r = 0,i = jo,P = jo, /o/i/o^joii e can ^ e cnec ked directly 
by consulting the table in Appendix lAIBICl respectively. If p = g, we have 

fr fp fPl},i _ fp fp+rp,i 
/0/l/0°jo,ji — /l/0 °j Ji 

by Lemma T5. 51 and fifo +T bj^j 1 € -B; can be checked directly from Appendix lAl 

(ii) The claim can be checked directly from Appendix iDl 

(iii) Suppose that r > 0, i < jo, p < jo,p < q- By Lemma f5 .41 we have 



f frfqfpp,i _ f f r-1 fq-1 fp h 
JlJO Jl JO u j ,ji — JlJQ Jl JO u j -l,jx- 



-V 

If r < jo + q — 2p, the claim is proved by using induction hypothesis and Lemma 
15.41 once again. If r = jo + q — 2p, one needs to show fifo° +9 ~ 2p fifobj* ^ = 
Jja+q-^v- fi +1 fo +1 bj^j 1 , which can be checked from Appendix IDl 
If r = 0, one needs to show 



fiflffb' 




h if q < ji + p, 
if g = ji + P, 

which can be checked from Appendix If i — jo, the claim can be checked from 
Appendix [5] If p = jo , one needs to show 



fifofHo'b 



l,i 

Jo ,31 



'f5fl +1 ftb l f , h if 9 < Ji +.70, 



x ifg = ji+j , 

which can be checked from Appendix |0 If p = g and r > 0, we have 

f frfpfppA _ fp+l fp+rTl,i _ fr-l fp+1 fp+lTl,i 

JiJoJiJo JO ,j 1 - Ji Jo O j ,h—Jo Jl JO °j .J 1 

by Lemma 1531 

(iv) The claim is checked directly from Appendix [XJ 

(v) Suppose that r > 0, j > 0, i < jo, g > 0. By Lemma IOI we have 

~ £r j-qTl.i ~ ?r—l ?q—lTl — l,i 

ei/o/i^;,^ =ei/ n b, U; ,. 
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If r < jo + q, the RHS is by induction hypothesis. If r = jo + q, ei/o° +9 /i bj*j ± = 
can be checked directly from Appendix IDl 

Note that r = implies q = and jo = implies i = jo. If z = jo, the claim is 
checked from Appendix El If q = 0, it is checked from Appendix El O 

[Step 2] Next we show 

Bjojt - B A -{ ]0 K Q + jiAi) for Jo > 

Define an involution on B>o by 

6 = (a;i, 0:2,^3,^3,52,51) >-> (xi,x 2 ,x 3 ,x 3 ,X2,xi) = b y . 

We prove two lemmas related to this involution. The next one follows immediately 
from the definitions. 

Lemma 5.6. Let b 6 Bi. For i = 0, 1,2, 

(1) if Sib ^0, then {Sib) v = fi(b v ). 

(2) if fib ^0, tten (/i6) v = ei(6 v ). 

Lemma 5.7. Suppose that jo < j\. As an element of B\, we have for (G) 
\Jo Ji Jo "j ,ii 7 — Jo Ji Jo °ii,io' 

w/iere 

(5-7) p' =ji-q+ P, q' = jo + ji -q, r' = j + q-2p- r. 

Proof. By the result of Step 1 and Proposition l5. ll we have fofifh°bjl ! j 1 = &o &i &o kja j 1 > 
where b]-^* = Jo 1 f{ 0+: ' 1 fa°bj* j x - Apply v on both sides and use the previous 

lemma. We obtain {foff f^bjl jj v = fo ft fa (kjl^Y ■> which can be shown from 
the table in Appendix IDl and the definition (|5.6I) . □ 

Proof of Step 2. Apply v on both sides of (i)-(v) in the proof of Step 1. Use Lemma 
15.71 and interchange (p,q,r) and (p',q',r'). Substituting {p',q' ,r') with jo and ji 
interchanged we obtain for < p < j\ , p < q < jo + p, < r < ji — 2p + q, 

Li 



(*') fUUfbtjo 6 A, _ 
(h') e MmU = {0° I'll 

[fyr l fb°b)i j0 ifp-q + r<0, 

(hi') ~eikffffb)l j0 = /r'/rVr'C'o if P > 0.P - 9 + r > 0, 
[0 ifp = 0,p-q + r >0, 

(iv) fofo n+q - 2p fifs^;, JO = 0, 

(V) hfUfb l jij =0ifp + r<q = j o +p. 
These relations are enough to check our claim. □ 

[Step 3] We are left to show 

^ = l_l[lol_l i<hji<l-i B jo,ji- 
jo,ji=l—i (mod 3) 
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Proof. It suffices to show 



$ B i - i<h,h<i-i tt-B. 

jo,jl=l—i (mod 3) 



l,i 

jo ,ii ' 



By Step 1 and 2 we have 

Wtn = »S*OoAo + Mi) = (1+J0)(1+J ; )(2 + J0+Jl) . 
By direct calculation we have 

ttR M _ (Z + l)(Z + 2)(/ + 3) 2 (Z + 4)(l + 5) 

Z^ =0 2^. i<2odi<l-i VjaJi 36 (j 
]a,]\=l-t (mod 3) 

On the other hand, computing §B l from the definition of Bi reads 

(J + 6)! ((/-!) + 6)! (Z + l)(Z + 2)(Z + 3) 2 (Z + 4)(; + 5) 



tt^z 



H6! (/-1)!6! 360 

□ 



Thus the proof of Theorem 15. 31 is completed. 

6. Uniqueness problem 

In this section we deal with a certain uniqueness problem of crystals in a more 
general situation. In order to state our theorem precisely, we prepare some no- 
tations. Let g be an affine Lie algebra and I the index set of vertices of the 
corresponding Dynkin diagram. Let {aei}i<zi, {hi} ie j , {Ai} ie j be the set of simple 
roots, simple coroots, fundamental weights. Let 5 and c be the generator of null 
roots and the canonical central element. Let be the vertex of the Dynkin diagram 
as in KaCi. Let (aij)ij^i be the generalized Cartan matrix of g. We assume the 
following conditions for g: 

(6.1) {ze/|a 0l <0} = {l}, 

(6.2) aoi = a w = -1. 

Namely, in the Dynkin diagram of g, is connected only with 1 by a single bond. 
This implies olq = 2A — A x . We note that we treat in this paper satisfies these 
conditions. We also remark that the labeling of / does not always agree with that 
of |Kacj . Let g 01 (resp. g^ >8#o,i) denote the Levi subalgebra of g corresponding 
to the index set {0, 1} (resp. I \ {0}, I \ {0, 1}). For an integral weight A such that 
(hi,X) > for i / 0, let us denote by B^ a (X) the L/ g (g^ )-crystal with highest 
weight A. 

Theorem 6.1. Let g be an affine Lie algebra satisfying the conditions (I6.1f) . (I6.2fl . 

Let B,B' be U' q (o)- crystals which decompose into © <fe<i ^#o(— ko>o) as U q (Q^ Q )- 
crystals. Then they are isomorphic to each other as U q (o)- crystals. 

The theorem says that under the assumptions l|6.1|l . I|6.2|l . there is a unique way 
to draw 0-arrows in the crystal graph of the [/^(g^nj-crystal (B <fc<2 B=£o(— kao). 

For an element x of the Weyl group W of g, let x — Sj 2 • • • s it be a reduced 
expression of x by simple reflections. We define e™ ax — e™ ax e™ ax • • • e'° ax and 

S x = Si t Si 2 ■ ■ ■ Si t . Here e™ ax 6 = e^^b and Si is the Weyl group action on crystals. 
Note that e™ ax or S x do not depend on the choice of a reduced expression. For 
these matters along with basic notations on crystals, see |K2| . 
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The rest of this section is devoted to the proof of Theorem 16.11 Let B and B' 
be as in Theorem 16.11 Let tp: B — > B' be a unique C/ g (0^ o )-crystal isomorphism. 
It is enough to show that ip commutes with eg and /o- 

Set A = — a . For a weight fx of the form w(k\) (w E W, < k < I), we denote 
by u M a unique element of B^ (k\) with weight /«. We denote by the same letter 
the corresponding element of B. 

For b E B or b E B', let us denote by B i(b) the connected C/ g (0 Q1 )-subcrystal 
containing b. Similarly, we denote by B (b) the connected C/ 9 (g )-subcrystal con- 
taining b. 

We prepare several lemmas. The next lemma is the same as Sublemma 6.2 of 
KS . Let us denote by w the longest element of the Weyl group of £U l- 

Lemma 6.2. wot\ = 5 — ao — ot\ = s\{5 — ao). Moreover, the length i{siwsiws{) 
of s\ws\wsi is equal to 2£(w) + 3. 



Hence, wax = — si«o as elements of P c /, and sq — siwsiwsi as automorphisms 

r,f P , Mnronvor smax _ ;max -max -max -max -max 

or ^ c /. Moreover e SlWSlWSl — e 1 e w e l e M e : 
Lemma 6.3. SqM;a = U(i-k)\ f or < k < 21. 



Proof. One knows that Siui\ is the lowest weight vector of the C/ 9 (g 01 )-crystal 
B A2 (l(A +Ai)). With the notations in section lKTTl e^uix is identihed with t(0, 1, 21— 
k). If < k < I, then ei(eQUix) = from (|5.5|) . We also have e^e^uix) = Si(ui\) = 
for i E /\{0, 1}. Hence e^ui\ is a g^o-highest vector of weight (l — k)X and coincides 
with u (l _ k)x , 

Similarly, for < k < I, one can show f^U-ix — w_(;_fc)A, which completes the 
proof. □ 

By this lemma, Bo\{S\Ui\) contains all the g^o-highest weight vectors. 

Lemma 6.4. The restriction of ip gives a U q (Qoi)- crystal isomorphism 

B i(SiUi ao ) B i(ip(Siui ao )). 

Proof. Any element of Boi(SiUi ao ) can be written as fifof\Si u ia with a < I, 
a < c < a + I and d < I — 2a + c. Set b — fof\S\uia ■ We can see easily by section 
IO 

(i) If c > /, we have b = S w f[~ a U( a ^ c ) ao . 

Indeed, we have S w b = foS w fiS\ui ao and S w fi S\ui ao has weight a(ao + 
ai)—lai. Since the multiplicity of B at this weight is one, we have S w fiS\Ui ao - 
^o +a ^i u -i("o+"i)- Hence S w b = e l +a c e°M_;( Q , 0+Q , 1 ) = e l +a c f\ a u-i ao ~ 

/~l — a~l-\-a — c f^~ a ni 
1 e u ~la Q — J i u (a-c)a - 

(ii) If a < c < I, we have b = SiS w e1~ a U(i_ a } ao . 

In this case b is 1-highest, and Sib = e u ~ c e l 1 ^ a ~ c Siu^i ao . Hence by apply- 
ing 0) by reversing the arrows, we have S\b = S w e'{~ a Uu_ a \ ao . 

□ 

Lemma 6.5. (i) For any b E B, Sf^ slWSl b is Q^ Q -highest. 
(ii) Assume that b E B is Q^o.i-highest and 1-lowest, and S w b is 1-highest. Then 
e'^Sib is Q^ n -highest. 
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Proof, (i) The claim follows from the fact that siwsiwsiX = —A, which can be 
checked by Lemma Ifi. 21 

(ii) efiZSxb = e^ SiWSi StS w b is fl^-highest by (i). □ 

Lemma 6.6. For k such that < k < I and an element b of B^o(kX), suppose 
that b is 1-highest, Sib is ^highest, and S w S\b is 1-highest. Then we have 
(ho, wtb) < —k. 

Proof. By applying the previous lemma for S SlWS1 b, one knows that e™^6 = 
^wsiws^s^s^ is 0^ o -highest. Hence we have 

wt(e™ ax &) 6 Si(kX) + Z> Q a 1 and wtb G s 1 (k\) +Z> a 1 + V] Z< aj. 

i^0,l 

Hence we have 

(ho, wtb) < (ho, si(k\)) = (ho + hi, k\) = —k. 

□ 

Let A(r)i (i — 1, 2, 3) be the following statements: 

A(r)i : for b G B such that ||wt6|| 2 , ||wt6+ a || 2 > r, 

we have £o(b) = £o(ip(b)) and ip(eob) — eotp(b), 
A(r) 2 : for b G B such that ||wt&|| 2 , \\wtb - a \\ 2 > r, 

we have ip (b) = tpo(ip(b)) and tp(fob) = fo4>(b), 
A(r) 3 : for b G B such that ||wt6|| 2 > r, we have if)(S b) = Soip(b). 

We prove these statements for any r > by the descending induction on r. Assume 
A(r') for r' > r. 

Then from A(r') we have 

Lemma 6.7. For b G B such that ||wt&|| 2 > r, there exists a U q (g Q i)- crystal 
isomorphism £: Boi(b) > Boi(ip(b)). Moreover, we have £(£>') — ip(V) for any 
b' G B 01 (b) such that \\ wt b' || 2 > r. 

The following lemma implies A(r)i and A(r)%. 

Lemma 6.8. Assume that b G B satisfies \\wtb\\ 2 > r. Then there exists a U q (Qo)~ 
crystal isomorphism r\: Bo(b) Bo(ip(b)) such that rj{b) = tp(b) and T)(b') = ip(b') 
for any b' G Bo(b) such that ||wfc&'|| 2 > r. In particular, So(b) — £o(^p(b)). 

Proof. Assume first that b is not 1-extremal. Then ||wte] nax &|| > ||wt6||, and hence 
by the preceding lemma, there exists a [/^(goi ^isomorphism £ : B i(b) B i{ip(b)) 
such that £(&') = i/)(b') for b' G B Q1 (b) such that ||wt6'|| 2 > r. Since £(ef ax 6) = 
V>(e5" ax 6), we have {(b) = ip(b). 

Similarly, if S w b is not 1-extremal, the assertion holds. 

Now we may assume further that b is g^ ^highest. Moreover we nay assume 
that b and S w b are 1-extremal. If b is 1-highest, then b is g^ -highest and the 
assertion follows from Lemma Irj^fl Hence one can assume that b is 1-lowest. If S w b 
is 1-lowest, then S w b is g^ -lowest and the assertion holds. Hence one can assume 
that S w b is 1-highest. 
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By Lemma IB3I ef^Sxb is g^o-highest. Hence, ef^Sib 6 Boi(SiUi\), and 
e™ ax S'i& G Bqi(Siui\). Then Lemma IP1 implies that £ = , 4 j \b 01 (s 1 u ix ) gives a 
[/g(goi)-crystal isomorphism 

C: B Q1 (S%"S 1 b)-^BoiM%rS 1 b)) ) 

which implies that 

(6.3) eo (C aX Si&)=£oWe~r x Si&)) and ^^(C^) = ^(eg^C^). 
Hence, V induces a i7 9 (flo)-crystal isomorphism B (e" ax Si&) £o (V^e™ ax Sifo)). 
Since e™ ax commutes with eo, /o and ^ gives a J7 g (go)-crystal isomorphism 

S (5ib) B (ip(Sib)) which sends Si 6 to V(Si&) and gg lax S*i6 to V'(eg lax S'i6). In 
particular, e (Si&) = e (tp(Sib)) and 7/>(g nax S"i&) = eff**Tp(Sib). 

Since Si 6 is 1-highest, e5 nax e nax Si& is the highest weight element of B Q1 {b). 
Similarly, ^(ef^^Sib) = ef^e^ipiSib) is (0, l)-highest. Hence we have a 
^(floi)-crystal isomorphism 77: Boi(b) — ■+ Boi(ip(b)) which sends e^^eff^Sib to 
^(ef ax ejf ax Si&), and therefore eg^Sifc to ^(eff^Sib) and S x b to ^{S x b). Hence 
77 sends 6 to ip(b). If &' G B (b) C -Boi(&) satisfies ||wt&'|| 2 > r, then we have 
iwtef^e^SxbW 2 > r and Lemma IO implies that <q{b') = ip(b'). □ 

Lemma 6.9. Assume that b G B satisfies \\wtb\\ 2 > r. Then, there exists a 
Uq(s}o) -crystal isomorphism 77: Bo(b) Bo(?fj(b)) such that rj(b') = tp(b') for any 
b' G B (b) with \\wtb'\\ 2 > r. 

Proof. By Lcmma lB~%l there exists a C/ 9 (go)-crystal isomorphism Bo(b') Bo(ip(b')) 
which sends b' to i/j(b') and b to tp(b). □ 

Lemma 6.10. If |wt&|| 2 > r and b is not O-extremal, then ip(Sob) — Soil>(b). 

Proof. By Lcmma l6.8l there exist U g (go )-crystal isomorphisms rj: Bo(b) —> Bo(ip(b)) 
and 77': B (S b) B (ip(S b)) such that n(b) = ip(b) and rf{S Q b) = ip(S b). By 
the assumption, || wte^ x b\\ 2 > r. Hence r](e^ ax b) = ^(e^b) = ip(e^ ayi S b) = 
7y'(e nax 5o&), which implies that r] = rf. Hence ip(S b) = rj'(S b) = rj(S b) = 
S v(b) = S ^(b). □ 

Lemma 6.11. Assume that \\wtb\\ 2 > r and the (0, l)-highest weight /i of Boi(b) 
satisfies ||/i|| 2 > r. Then there exists a U q (Qm)- crystal isomorphism r\: Boi(b) —> Boi(ip(b)) 
such that r)(b') — ip{b') for any b' G Boi(b) such that \\wtb'\\ 2 > r. 

Proof. Let b := eQ lax e™ ax e nax 6 be the (0, l)-highest weight vector of B 01 (b). Since 
1 1 wt 60 1 1 2 > r , Lemma [6.71 implies that there exists a L/ g (goi)- cr ystal isomorphism 
r\: Sqi (60) — +Boi(ip(bo)) such that n(b') = ip(b') for any b' G i?oi(&o) such that 
||wt&'|| 2 > r. In particular 77(60) = VK^o)- It is enough to show that 77(6) = ip(b). 

Assume first that b is not O-extremal. Then eff^b has square length greater than 
r, and rj(e™ ax b) = ip(e™ ayi b). Then Lemma 1531 implies that 77(6) = "0(6). 

Hence we may assume that b is O-extremal. Since the case where b is 0-lowest is 
similarly proved by reversing the arrows, we assume that b is 0- highest. Then bo = 
gmaxgma^ By Lemma 1531 n{e^ &K b) = ijj(e^ x b). Hence, we have n(b) = ip(b). □ 

Now we are ready to complete the proof of A(r)^. 

Lemma 6.12. If \\wtb\\ 2 > r, then ip(S Q b) = S ip(b). 
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Proof. We shall argue by the descending induction on the length of the 0-string 
containing b. If b is not (0, l)-extremal, then the preceding lemma implies the 
desired result. Hence we may assume that b is (0, l)-extremal. 

Since the case when b is 0-lowest is similar, we assume that b is 0- highest. One can 
assume that b is q^ ^highest. If b is 1-highest, it is g^ -highest and the assertion 
follows from Lemma |6. 41 Hence one can assume that b is 1-lowest. Similarly, one 
can assume that S w b is 1-highest. 

We divide the proof into two cases: (1) Sib is 0-highest, (2) Sib is not 0-highest 
but is 0-lowest. 

First we consider the case (1). Since Sib is (0, l)-highest in this case, we have 
(ho,wtSib) > 0. On the other hand, Lemma |6.6I implies that {ho,wt Sib) < — k 
with k > defined by S\b £ B 9 Lo(k\). Hence we obtain k = 0, and wtb = 0, which 
implies that Sob = b, Soip(b) = ip(b). 

Next, we consider the case (2). In this case, Sob is (0, l)-lowest and SoSxb is (0, 1)- 
highest. Since e™ ax e™ ax Si& is g^o-highest by Lemma f6. 51 Lemma f6 . 41 implies that 
i>{S e™ x Sib) = S Tp(e% ax Sxb). Write £™ x Sib = e h ■ ■ ■ e im S x b with i u . . . ,i m e 
/ \ {0,1}. Since commutes with So and ip, we have ■ • • ei m ip(SoSib) = 
tpiSoe^Sib) = Soi}(e%**S 1 b) =e 4l --- e tm S ^(Sib). Hence we have 

(6.4) ^(S Q Sib) = So^(Sib) = S Sxi>(b). 

Let yU be the weight of S0S1&, and set fii — {hi, fj,}. We have /io > 0, for, otherwise, 
Si b is 0-highest. 

Note that ip (SoSiSob) — ^,o + fJ-i > Vo(P) — A*i- By the descending induction 
on the length of the 0-string containing b, we see that ip(SoSiSob) = Sotp(SiSob). 
Hence S SiV(S 6) = i;(S a SiS a b) = ip(SiS Sib) = Siip(S Sib) = SiS Sn/>(&) = 
SoSiSoip{b). Here, we used (16.41) . Hence we obtain ip(Sob) = Soip(b). □ 

Thus, the descending induction on r proceeds, and the proof of Theorem 16. II is 
complete. 

7. Perfectness of the crystal B\ 

7.1. Connectedness of Bi®Bi (Proof of (PI)). We show that any element b®b' 
of Bi ® Bi can be connected with </> <f>. Here cj> stands for (0,0,0,0,0,0) € 
Like this we use in this section the tableau representation for an element of £>;. 
By applying fi and f% sufficiently many times, one can assume that fi(b ® b') = 
(i = 1,2). This implies fcb' = (i = 1, 2), namely, 

b' = l m for some < m < I. 

Note that the 0-string containing l rn is given by 

l l -> y l m -> > I -> (f> -> 1 -» y\ l . 

Set 7(6) = m + (</?o(&) — I + m )+j then from the tensor product rule of crystals we 
have 

f^»\b ® 1™) = ^ (b) - m (6) ® / "(1™) =600, where 6 = ff^b. 

Since fi<p = for i = 1, 2 there exists a sequence {ii, . . . , i^} C {1, 2} and a non- 
negative integer m! such that /i fc ■ ■ ■ (6 <8> </>) = l m (8> (p. Thus we have 
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7.2. Minimal elements in B\ (Proof of (P4) and (P5)). First we are to show 
(c, <p(b)) > I for b G B\. From Proposition 14.41 and formulas of £i,<fi (i — 1,2) in 
section |4~T1 we have 

(c, <p(b)) =<p (b) + 2<p 1 (b) + 3v 2 (b) 

=1 + max A + 2(z 3 + (z 2 )+)+ + (3z 4 ) + - (zi + z 2 + 2z 3 + 3z 4 ), 
where Zj (1 < j < 4) are given in i|4.1[l and A is given in (|4.2I) . 
Lemma 7.1. for (21, #2, #3, 24) G Z 4 set 

t/>(zi, z 2 , 23, 24) = max A + 2(z 3 + (z 2 )+)+ + (3z 4 )+ - (zi + z 2 + 2z 3 + 3z 4 ). 

Then we have ip( z i, z 2 , 23, 24) > andip(zi, z 2 , 23, 2:4) = if and only if(z%, z 2l 23, 24) = 
(0,0,0,0). 

Proof. Note that for 2 G Z, 2(2)+ > 2 and 2(z) + = 2 implies 2 = 0. We prove by 
dividing the cases of the values that attain the maximum in max A. 
Suppose max A = 0. Using the above inequality, we have 

1p > (2 2 )+ + (32 4 ) + - (21 + 2 2 + 2 3 + 32 4 ). 

Since z\ + z 2 + 23 + 324 < 0, we have tp > 0. ip = holds if and only if 

21 + 22 + 3z 4 = 0, 23 = 0, 2 2 , 24 < 0. 

Since we have z\ < in this case, one can conclude that ip = implies (24, 22, 23, 24) = 
(0,0,0,0). 

The other cases are similar. In particular, if max A > 0, ip > 0. □ 

Thanks to the lemma, we have 

(c, ip(b)) - I = ip(zi,z 2 , 23, 24) > 0. 

Since (c, tp(b) — e(o)) = 0, we also obtain (c, e(b)) > I, which proves (P4). 

Suppose (c, e(b)) = I. It implies ip = 0. Hence from the lemma one can conclude 
that such element b — (x%, x 2 , £3, £3, x 2 , x%) should satisfy x\ = Xx, x 2 = £3 = 
S3 — x 2 . Therefore we have 

(Bi) min = {(a, P, p, 0, P, a)\a, P G Z> , 2a + 3/3 < /}. 

For 6 = (a, P, P, P, P, a) G B\ one calculates 

e(6) = tp(b) = (l-2a- 3/3)A + aA x + /3A 2 . 

Thus we have also shown (P5). 

7.3. Coherent family of perfect crystals. We review the notion of a coherent 
family of perfect crystals introduced in (KKMj . Let {-Bz};>i be a family of perfect 
crystals Bi of level I and (i?i) m m be the subset of minimal elements of Bi. Set 
J = {(I, b) I I G Z>o, 6 G (-Bi)min}- Let a denote the isomorphism of (P^)i defined 
by a = e o ip . 

Definition 7.2. A crystal B^ with an element boo is called a limit of {i?;};>i if 
it satisfies the following conditions: 

• Wtboa = 0,6(600) = ^(Oqo) = 0, 

• for any (l,b) G J, there exists an embedding of crystals 

f(l,b) '■ ^e(fe) ® -Si ® T_ v f^ — ► Sqo 
sending t e ^ ® <g> £-^,(6) to 6oo, 
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• -Boo = {J(i,b)eJ Im f(m- 
If a limit exists for the family {B{\, we say that {B{\ is a coherent family of perfect 
crystals. 

For A £ P c i T\ denotes a crystal with a unique element t\. See |K2| for the 
details. For our purpose the following facts are sufficient. For any P c /-weighted 
crystal B and A,(i£ P c i consider the crystal 

T x <g> B <g> = {t x ® b t M | b e B}. 

The crystal structure is given by 

e.i{t\ ® 6(g) tfj,) = tx <8 hb® t^, fi(t\ ® b <g> t M ) = t\ ® fob^t^, 

Si{t\ ®b®t^) = e l (b) - {hi, A), ipi(t\ 6®^) = ^(6) + 

wt(i A ® 6® t^) = A + ^ + wtb. 

Let us now consider the following set 

Boo = {b = (vt,V2,v 3 ,v 3 ,V2,Dt) I n,Vi e Z, i/ 3 = zaj (mod 2)}, 

and set = (0, 0, 0, 0, 0, 0). We introduce the crystal structure on B^ as follows. 
The actions of ii, /; (i = 0, 1, 2) are defined by the same rule as in section Fi~71 and 
14. 21 with Xi and xi replaced with vi and Vi. The only difference lies in the fact that 
e.ib or fi never become 0, since we allow a coordinate to be negative and there is no 
restriction for the sum s(b) = 5^ =1 («j + Vi) + (^3 + v 3 )j2. For £,-, ipi with i = 1, 2 
we adopt the formulas in section f4. 1 1 For £0, <^o we define 

e (b) = —s(b) + maxA - (2z\ + z 2 + 23 + 3z 4 ), 

<Po(b) — —s(b) + max A, 

where 

A = (0, zi,zi + z 2 , zi + z 2 + 3z 4 , zx + z 2 + z 3 + 3z 4 , 2zi + z 2 + z 3 + 3z 4 ) 

and Zi,Z2,Z3, z 4 are given in 1)4. f[) with x^, x^ replaced with Vi,i>i. Note that wt 6oo = 
and £,(600) = ipi{boo) = for i = 0, 1,2. 

Let 60 = (a, j3, [3, [3, [3, a) be an element of (Bi) m - in . Since e(&o) = f(bo), one can 
set a = id. Let A = e(&o)- For b = (xi, x 2 ,x 3 ,X3,x 2 ,Xi) £ B\ we define a map 

f(l,b ) ■ T x ®Bi® -B_A — * 

by 

/(/,bo)( f A ®&<8>t-x) = 6' = 01,^2,^3,^3,^2,^1) 

where 

fi = xi — a, Pi = x\ — a, 

Vj = Xj - (3, Pj =Xj-/3 (j = 2, 3). 

Then we have 

wt (t\ <g> 6 ® t-x) — wtb — wtb' , 
M*x ® b ® t^x) = M b ) + (ho, -A) 

Mb') + 8(b)) + s(b') -(I -2a- 3/3) = Mb'), 
pi(*A ® &®*-a) = Mb) + (hi,-X) = Mb')+a- a = M b '), 
Mt\ ® b ® t_ A ) = ^2(6) + (h 2 , -A) = ^2(6') +p-p = ip 2 (b'). 
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£%(t\ <8> b ® t-\) = Ei{b') (i = 0, 1, 2) also follows from the above calculations. 

It is straightforward to check that if 6,^6 e Bi (rcsp. b, fib G B{), then 
/(;,6 )( g j(*A ®&<S>t-A)) = hf(i,b ){t\®b®t-\) (resp. f(i, bo ){fi{t\ ® & ® *-a)) = 
fif(l,b ){t\ ®b® t-\)). Hence /(z.6 ) is a crystal embedding. It is easy to see that 
f(l,b )(t\ <3b (g> t-\) = &oo. We can also check 5^ = U (;b)eJ Im Therefore 
we have shown that the family of perfect crystals {£?;};>i forms a coherent family. 
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Appendix A. Table of fifffij*^ 

Assume j < j\. We give the table of x — Iifo^YoJi on £>> for < p < jo, 
0<q<ji+p. 

I. < p < i case: 

(i) < q < jo — i + P case: 

x = (p, J/i, 3j/ - 2j/i + i - p, y + i - p, y + jo -q,q)- 

(ii) jo - i + P < q < ji case: 

x = {p, 2/i, 32/o - 22/i - q + j , yo + 2i - 2p + q - j ,2/o + i - P, jo - i + p)- 

(iii) ji <q< ji + P case: 

x = (p- q + ji,yi + q-ji,yi,yo + 2i- 2p + ji -j ,yo + i-p,jo-i+p)- 

II. i < p < j case: 

(i) < q < jo — p + i case: 

x = {i,yi,2p- 2i + 3y - 2y 1 ,y ,y +jo ~P + i-q,q)- 

(ii) jo - P + i < q < P - i + ji case: 

x = (i, 2/1, 32/o - 22/i - i + jo + P - q, yo + q - jo + P - h yo, jo - P + i)- 

(iii) p — i + ji < q < j\ + p case: 

x = (p + ji - q, 2/1 + q ~P + i - ji,Vi, 2p - 2i + ji - j + 2/o,2/o, jo -p + i). 

Appendix B. Table of fSfifgb 1 ^ 

We give the table of x = fofifffiith on B> for < p < g < ji + p, < r < 
i + q - 2p. 

I. p<i,p<q,r<i + q~2p case: 

(i) q < P + - i), < r < i + q - 2p case: 

x = {p + r,yi, ji +2/i - q-r,y + i - 2p + q-r,y + i -p,p). 

(ii) p + |(ji — i) < q < ji, < r < ji — q case: same as (i). 
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(iii) p + -i) <q <p + - i), ji - q < r < i + q - 2p case: 
x = (ji +P~q,Vi- ji +q + r,y 1 ,y a + j 1 + i - 2p - 2r, y + i - p,p). 

(iv) p + 1 (ji — i) < q < jx , jx — q < r < i — p + 1 (ji — i) case: same as (iii) . 

(v) p + - i) < q < ji, i - p + f (ji -i)<r<i + q-2p case: 

x = {ji + P - 1, %i - 2/o - P + q, 2y -yi~ 2ji + 2p + 2r, y x , yi + j\ + i - 2p - r, p) . 

(vi) ji < q < ji + p, < r < i — p + |(ji — i) case: same as (iii). 

(vii) ji < q < ji + p, i - p + |(ji — i) < r < j 1 + i - 2p case: 

x = {ji+p-q,2yi-y -p + q,2y 1 -y -ji-i + 2p + 2r,y 1 ,y 1 +j 1 +i-2p-r,p). 

(viii) ji < q < ji + p, ji + i — 2p < r < i + q — 2p case: 

x = {ji +P-1^yi ~yo -p + q,2y 1 -y Q + r,yi - ji - i + 2p + r, y u ji + i -p - r). 
II. p < i, p < q, r > i + q — 2p case: 

(i) P < q < P + \ {h " i) case: 

x = (p + r, yi, 2/i + ji -i + 2p-2q, y , y + i - p,p). 

(ii) P + |0'i - i) < Q < P + |(ii - i) case: 

x = {ji -i + 3p-2q + r,yx - ji + i - 2p + 2q, y u y +ji - i + 2p - 2q, y + i -p,p). 

(iii) p + f (ji - i) <q<ji case: 

x = {j-i-i + 3p-2q + r,2y 1 -y -p+q,2y -y 1 -2j- L + 2i-2p+2q,y 1 ,y 1 +j 1 -q,p). 

(iv) ji<q< ji + P case: 

x = {ji-i + 3p-2q + r,2y 1 -y -p+q,2y 1 -y + i + q-2p,y 1 -j 1 + q,y 1 ,j 1 +p-q). 

Appendix C. Table of fcflffrb 1 ?^ 

Assume jo < j\. We give the table of x = fSfH^j, on B> for < q < 
jo+ji,0 < r. 

I- < q < i case: 

x = (i + r, j/1,2/1 + jo + ji - 2i, y , y + i - q, q). 

II. i < q < jo case: 

x= (i + r, 2/1,2/1 + jo + ji - i-q,yo-i + q, y ,i)- 

HI. jo <q< jo case: 

(i) jo < q < jo + ^,0 < r < q - jo or j Q + 2±p < q < j Q + 3l - i,0 < 
r < jo + ji - i- q case: 

x=(i + r, 2/1,2/1 + jo + ji ~ i ~ q ~ r,y - i + q - r, y ,i). 

(ii) jo <q<jo + ^r 1 , r >q~ jo case: 

x = (i + r, 2/1,2/1 + 2j + ji - i - 2q, y + jo - i, 2/0, 

(iii) jo + < q < ^^-ijo+ji -i-q<r<q-j ov ^±2a _ % < 
q < jo + ji - i, jo + ji - i - q < r < • 7oH 3 2jl - i case: 

x = (jo + ji - q, 2/1 - 3a - ji+i + q + r, 2/1,2/0 + jo + 3i - 2i - 2r, y , i). 

(iv) jo + ^Y 1 <q< 4j0 3 2,n -i,r>q- jo case: 

x = (2 jo + ji -2q + r,yx- 2 jo - ji +i + 2q,y 1 ,y + 3j + ji - Ii- 2q, y ,i). 
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(v) 4jo + 2jl - % < q < j + ji - i, -i<r <q-j case: 

x = (jo + ji - q, 2yi -y - jo + 9, 2y - j/i - 2ji + 2i + 2r, 2/1,2/1 + ji - i - r, i). 

(vi) 42o+2n - i < q < j + ji - i,r > q - j case: 

^ = (2jo+ji-2(7+r,2yi-y -io+g, 2y -yi-2j -2j 1 +2i+2q,y 1 ,y 1 +j +j 1 -i-q,i). 

IV. jo + ji - i < ? < jo + ji case: 

(i) < r < 30 + 231 — i case: same as III (iii). 

(ii) j0 + 2jl — i < r < ji — i case: same as III (v). 

(iii) ji - i < r < q - j case: 

£ = (jo + ji - 9, 2yi - 2/0 - jo + q, 2yo - yi - ji + i + r, y\ - ji + i + r, 2/1, ji - r). 

(iv) r > q — jo case: 

x = (2j +ji-2g+r, 2yi-y -jo+g, 2y -yi-j -ji+i+q, yi-jo-ji+i+q, yi, jo+ji-Q)- 

Appendix D. Table of fl° +q ~ 2p flffi)^ 

Assume j < ji. We give the table of x = f 3 ° +q ~ 2p flfob)l h on B> for < 
P < jo,P <q<ji+P- 
I. < p < i case: 

(i) i <q — P + i < 3 °2 J1 case: 

« = (i - P + 9,2/1, 3/1 + jo + ji - 2i + 2p - 2q, y ,yo + i - P,p)- 

(ii) 2°±h <q-p + i< ia^ii case: 

x = (jo+ji-i+p-q,yi-jo-ji+2i-2p+2q,yi,y +jo+ji-2i+2p-2q,y +i-p,p). 

(iii) q — p + i > • )oH 3 2jl , g < ji case: 

£ = (jo+ji-i+p-<7, 22/i -yo-jo+i-p+q,2y -yi-2j 1 +2i-2p+2q, y u y 1 +ji-q,p). 

(iv) ji < q < ji + p case: 

x = {jo+ji-i+p-q,2yi-yo-jo+i-p+q,2yi-yo-jo+2i-2p+q,yi-ji+q,yi,ji+p-q)- 

II. i < p < jo case: 

(i) 2p < 2q < j + ji + p — i case: 

z= (i -P+ g,2/i, 2/i + jo +ji -i+P~2q,yo -i+p,y ,i). 

(ii) 2q > jo + ji + p — i, q — p + i < J °+ 2jl case: 

^ = (jo + ji - 9, 2/1 - jo - ji + i - P + 29, 2/1, 2/0 + jo + ji - 2i + 2p - 2q, y , i). 

(iii) 12±Mi < q — p + i < ji case: 

x = {jo+ji-q,2yi-y -jo + q,2y -yi-2ji + 2i-2p+2q,y 1 ,y 1 +j 1 -i+p-q,i). 

(iv) ji < 9 — f? + i < ji + i case: 

£ = (jo+ji-9,2yi-y -jo + 9,2yo-yi-ji+»-p+9,J/i-ji+ ; «-p+9,yi, 3i+P~q)- 
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